In this paper, the authors investigate the generalized Ulam-Hyers stability of n− dimensional cubic-quartic functional equation
Introduction
Stability problem of a functional equation was first posed by S.M. Ulam [46] which was answered by D.H. Hyers [24] and then generalized by T. Aoki [2] , Th.M. Rassias [38] , J.M. Rassias [36] for additive mappings and linear mappings, respectively. Further generalizations on the above stability results was given in [16, 21, 22, 40] . Since then several stability problems for various functional equations have been investigated in [1, 3-13, 17, 25, 34, 37, 39, 47] ; various fuzzy stability results concerning Cauchy, Jensen, quadratic and cubic functional equations were discussed in [19, 20, [29] [30] [31] [32] [43] [44] [45] . Jun and Kim [26] considered the following functional equation It is easy to show that the function f (x) = x 4 satisfies the functional equation (1.2) , which is called a quartic functional equation and every solution of the quartic functional equation is said to be a quartic function.
In this paper, the authors investigate the generalized UlamHyers stability of a n dimensional cubic-quartic functional equation 
where r is a positive integer with r ± 0, 1 in the setting of intuitionistic fuzzy normed spaces using direct and fixed point methods.
In Section 2, the general solution of the functional equation (1.3) is given, In Section 3, basic definition and preliminaries of intuitionistic fuzzy normed space is present, In Section 4 and 5, the generalized Ulam -Hyers stability of the functional equation (1.3) is proved via Hyers method and fixed point Method.
The General solution of the Functional Equation
In this section, we present the general solution of the functional equation (1.3) . Throughout this section let X and Y be real vector spaces. 
for all v 1 , v n ∈ X. Setting v 1 = 0 and using oddness of f in (2.1), we obtain
for all v n ∈ X. Using (2.2) in (2.1), we get
for all v 1 , v n ∈ X. Replacing v 1 by rv 1 in (2.3), we have
for all v 1 , v n ∈ X. Adding (2.6) and (2.7), we arrive
for all v 1 , v n ∈ X. Adding (2.9) and (2.10), we arrive
Consider the set L * and the order relation ≤ L * defined by:
Definition 3.2.
[15] An intuitionistic fuzzy set A ζ ,η in a universal set U is an object
are called the membership degree and the non-membership degree, respectively, of u in A ζ ,η and, furthermore, they satisfy
We denote its units by 0 L * = (0, 1) and 1 L * = (1, 0). Classically, a triangular norm * = T on [0, 1] is defined as an increasing, commutative, associative mapping T :
Using the lattice (L * , ≤ L * ), these definitions can be straightforwardly extended.
2 → L * satisfying the following conditions:
is an Abelian topological monoid with unit 1 L * , then L * is said to be a continuous t−norm. 
For example,
Now, we define a sequence T n recursively by T 1 = T and
Definition 3.6.
[43] Let µ and ν be membership and nonmembership degree of an intuitionistic fuzzy set from X × (0, +∞) to [0, 1] such that µ x (t) + ν x (t) ≤ 1 for all x ∈ X and all t > 0 . The triple X, P µ,ν , T is said to be an intuitionistic fuzzy normed space (briefly IFN-space) if X is a vector space, T is a continuous t−representable and P µ,ν is a mapping X × (0, +∞) → L * satisfying the following conditions: for all x, y ∈ X and t, s > 0,
In this case, P µ,ν is called an intuitionistic fuzzy norm. Here,
∈ L * and µ, ν be membership and non-membership degree of an intuitionistic fuzzy set defined by
Then X, P µ,ν , T is an IFN-sapce.
Definition 3.8. [43] A sequence {x n } in an IFN-space X, P µ,ν , T is called a Cauchy sequence if, for any ε > 0 and t > 0, there exists n 0 ∈ N such that
where N s is the standard negator.
Definition 3.9.
[43] The sequence {x n } is said to be convergent to a point x ∈ X (denoted by x n [43] An IFN-space X, P µ,ν , T is said to be complete if every Cauchy sequence in X is convergent to a point x ∈ X.
Here after, throughout this paper, assume that X be a linear space, Z, P µ,ν , T be an IFN-space and Y, P µ,ν , T be a complete IFN-space.
Stability Results: Direct Method
In this section, the authors present the generalized UlamHyers stability of the cubic-quartic functional equation (1.3) in intuitionistic fuzzy normed spaces. Now we use the following notation for a given mapping D f :
Theorem 4.1. Let τ ∈ {1, −1}. Let σ : X n → Z be a function such that for some 0 < a r 3 τ < 1,
for all v ∈ X and all s > 0 and
an odd function satisfies the inequality
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. Then the limit
exists for all v ∈ X and the mapping C : X → Y is a unique cubic mapping satisfying (1.3) and
for all v ∈ X and all s > 0.
Proof. Let τ = 1. Since f o is an odd function, replacing
for all v ∈ X and all s > 0. Using (IFN3) in (4.6), we obtain
for all v ∈ X and all s > 0. Replacing v by r k v in (4.7), we have
for all x ∈ X and all r > 0. Using (4.1), (IFN3) in (4.8), we arrive
for all x ∈ X and all r > 0. It is easy to verify from (4.9), that
holds for all v ∈ X and all s > 0. Replacing s by a k s in (4.10), we get
for all v ∈ X and all s > 0. It is easy to see that
for all v ∈ X. From equations (4.11) and (4.12), we have
for all v ∈ X and all s > 0. Replacing v by r m v in (4.13) and using (4.1), (IFN3), we obtain
for all v ∈ X and all s > 0 and all m, k ≥ 0. Replacing s by a m s in (4.14), we get
for all v ∈ X and all s > 0 and all m, k ≥ 0. It follows from (4.15), that
holds for all v ∈ X and all s > 0 and all m, n ≥ 0. Since 0 < a < r 3 and
T is a complete IFNspace this sequence convergent to some point C (v) ∈ Y . So, one can define the mapping C : X → Y by
for all v ∈ X. Letting m = 0 in (4.16), we get
for all x ∈ X and all r > 0. Now for every δ > 0 and from (4.18), we have
for all v ∈ X and all r > 0. Taking the limit as n → ∞ in (4.19), we get
for all v ∈ X and all s > 0 and δ > 0. Since δ is arbitrary, by taking δ → 0 in (4.20), we obtain
for all v ∈ X and all r > 0. To prove C satisfies (1.3), replacing
3) respectively, we obtain
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. Letting n → ∞ in (4.23) and using (4.22),(4.2), we arrive
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. Letting n → ∞ in (4.24) and using (4.2), (IFN2), we arrive
Hence C satisfies the functional equation (2.1). In order to prove C(x) is unique, let C (x) be another cubic functional equation satisfying (2.1) and (4.5).
Hence,
for all x ∈ X and all r > 0. Since lim n→∞ r 3n (r + 1) r.a n (r 3 − a) = ∞, we obtain
for all v ∈ X and all r > 0, hence C(x) = C (x). Therefore C(x) is unique. For τ = −1, we can prove the similar stability result. This completes the proof of the theorem.
The following corollary is an immediate consequence of Theorem 4.1, regarding the stability of(1.3) Corollary 4.2. Suppose that an odd function f o : X → Y satisfies the inequality 25) for all v 1 , v 2 , . . . , v n−1 , v n ∈ X and all s > 0 , where λ , s are constants with λ > 0. Then there exists a unique cubic mapping C : X → Y such that
r |r 3 − 1|s , P µ,ν λ ||v|| s ,
2(r+1)
r |r 3 − r s |s , s = 3; for all v ∈ X and all s > 0.
Proof. Replacing 
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. Let f e : X → Y be an even function satisfies the inequality
exists for all v ∈ X and the mapping Q : X → Y is a unique quartic mapping satisfying (2.1) and
Corollary 4.4.
Suppose that an even function f e : X → Y satisfies the inequality
32)
for all v 1 , v 2 , . . . , v n−1 , v n ∈ X and all r > 0, where λ , s are constants with λ > 0. Then there exists a unique quartic mapping Q : X → Y such that 
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. Then there exists a unique cubic mapping C : X → Y and unique quartic mapping Q : X → Y satisfying (1.3) and
where
Proof. Clearly
Then f c (0) = 0 and
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. By Theorem 4.1 there exists a unique cubic mapping C : X → Y such that
for all v ∈ X and all s > 0, where
for all v 1 , v 2 , · · · v n−1 , v n ∈ X and all s > 0. By Theorem 4.3, there exists a unique quartic mapping Q : X → Y such that
for all v ∈ X. From (4.35),(4.38) and (4.39), we arrive
for all v ∈ X and all s > 0. Hence the theorem is proved.
The following corollary is the immediate consequence of corollaries 4.2, 4.4 and Theorem 4.5 concerning the stability for the functional equation (2.1).
Corollary 4.6. Suppose that a function f : X → Y satisfies the inequality 45) for all v 1 , v 2 , . . . , v n−1 , v n ∈ X and all s > 0, where λ , s are constants with λ > 0. Then there exists a unique cubic mapping C : X → Y and a unique quartic mapping Q : X → Y such that
r |r 3 − 1|s , P µ,ν λ , 2 r |r 4 − 1|s T P µ,ν λ ||v|| s ,
2(r+1)
for all v ∈ X and all r > 0.
Stability Results: Fixed Point Method
In this section, the authors discuss the generalized UlamHyers stability of the functional equation (2.1) in intuitionistic fuzzy normed space using fixed point method. Now we will recall the fundamental results in fixed point theory.
Theorem 5.1. (Banach's contraction principle) Let (X, d) be a complete metric space and consider a mapping T : X → X which is strictly contractive mapping, that is (A1) d(T x, Ty) ≤ Ld(x, y) for some (Lipschitz constant) L < 1. Then, (i) The mapping T has one and only fixed point x * = T (x * ); (ii)The fixed point for each given element x * is globally attractive, that is (A2) lim n→∞ T n x = x * , for any starting point x ∈ X; (iii) One has the following estimation inequalities:
[28](The alternative of fixed point) Suppose that for a complete generalized metric space (X, d) and a strictly contractive mapping T : X → X with Lipschitz constant L. Then, for each given element x ∈ X, either (B1) d(T n x, T n+1 x) = ∞ ∀ n ≥ 0, or (B2) there exists a natural number n 0 such that: (i) d(T n x, T n+1 x) < ∞ for all n ≥ n 0 ; (ii)The sequence (T n x) is convergent to a fixed point y * of T (iii) y * is the unique fixed point of T in the set Y = {y ∈ X :
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For to prove the fixed point stability result, we define a constant χ i such that:
and Ω is the set such that
Theorem 5.3. Let f o : X → Y be an odd mapping for which there exist a function σ : X n → Z with the condition
for all v 1 , v 2 , . . . , v n−1 , v n ∈ X and all s > 0 and satisfying the functional inequality
has the property
Then there exists a unique cubic function C : X → Y satisfying the functional equation (1.3) and
It is easy to see that
for all g, h ∈ Ω. Therefore T is strictly contractive mapping on Ω with Lipschitz constant L.
2) and using oddness, we get
for all v ∈ X, s > 0. Using (IFN2) in (5.7), we arrive
for all v ∈ X, s > 0. With the help of (5.3), when i = 0, it follows from (5.8), we get
Replacing v by v r in (5.8), we obtain
for all v ∈ X, s > 0. With the help of (5.3), when i = 1, it follows from (5.10), we get
One can conclude from (5.9) and (5.11) that
Now, using fixed point alternative in both cases, it follows that there exists a fixed point C of T in Ω such that
(5.12)
By proceeding the same procedure as in the Theorem 4.1, we see that the function C : X → Y is cubic and it satisfies the functional equation (2.1).
By fixed point alternative, since C is unique fixed point of T in the set
therefore C is a uniqe function such that
for all v ∈ X, s > 0 and K > 0. Again, using the fixed point alternative, we reach
for all v ∈ X and all s > 0. This completes the proof of the theorem.
From Theorem 5.3, we obtain the following corollary concerning the stability for the functional equation (2.1).
Corollary 5.4. Suppose that an odd function f o : X → Y satisfies the inequality 15) for all v 1 , v 2 , . . . , v n−1 , v n ∈ X and all s > 0 , where λ , s are constants with λ > 0. Then there exists a unique cubic mapping C : X → Y such that
Proof. Setting
Thus, (5.1) is holds. But, we have
Hence the inequality (5.3) holds for the following cases. Now from (5.4), we prove the following cases.
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Case:1 L = r 3 ,if i = 0
Case:2 L = r −3 ,if i = 1
Case:3 L = r s−3 for s < 3 if i = 0
Case:5 L = r ns−3 for ns < 3 if i = 0
Case:6 L = r 3−ns for ns > 3 if i = 1
Hence the proof is complete.
The proof of the following Theorem and Corollary is similar tracing to that of Theorem 5.3 and corollary 5.4, when f is even. Hence we omit the proof. Theorem 5.5. Let f e : X → Y be an even mapping for which there exist a function σ : X n → Z with the condition
Then there exists a unique quartic function Q : X → Y satisfying the functional equation (1.3) and for all v ∈ X and all r > 0. Hence the theorem is proved.
The following corollary is the immediate consequence of Corollaries 5.4, 5.6 and Theorem 5.7 concerning the stability for the functional equation (1.3) using fixed point method.
Corollary 5.8. Suppose that a function f : X → Y satisfies the inequality P µ,ν (D f (v 1 , v 2 , . . . , v n−1 , v n ), s) 29) for all v 1 , v 2 , . . . , v n−1 , v n ∈ X and all s > 0, where λ , s are constants with λ > 0. Then there exists a unique cubic mapping C : X → Y and a unique quartic mapping Q : X → Y such that for all v ∈ X and all s > 0.
